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Abstract. Principles of pulsed laser double- exposure hologram interferometry
are discussed. In this presentation, emphasis is placed on biomedical applica-
tions of the method. Procedures for quantitative interpretation of images
obtained during reconstruction of holograms are presented and illustrated with
representative examples. The procedures for quantitative interpretation of
holograms allow determination of translations, rotations, and strains of an
object, including determination of and compensation for the object's rigid -body
motions. A system for automated interpretation of holograms is also discussed.
The results shown relate to in vitro and in vivo studies of tooth and bone
motions.
Subject terms: holographic interferometry; pulsed lasers; double- exposure hologram
interferometry; quantitative interpretation of holograms translations; rotations; strains;
automated interpretation of holograms; biomedical applications; tooth motions; bone
motions.
Optical Engineering 24(5), 832 -839 (September /October 1985).
1. INTRODUCTION
Since its invention, hologram interferometry has found numerous
applications in various branches of science and technology, includ-
ing the field of biomedicine.
In biomedicine, it is often desired to accurately measure three -
dimensional changes and/ or motions of tissues and bones and to
correlate them to corresponding biological changes. In addition to
the above, modern biomedicine requires (1) studies of bone growth,
(2) accurate determination of the effect of thermal changes on differ-
ential expansion and contraction of dissimilar materials, (3) studies
of the effect that cavity preparation has on stress distribution in
restorative materials, (4) studies of performance characteristics (in
three -dimensional space) of artificial joints, (5) detection of micro-
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fractures, e.g., in cavity preparation or in artificial joints, (6) in vitro
and in vivo contouring of surfaces to assure their proper mating, and
(7) measurement of surface roughness to evaluate abrasion and wear
of materials, just to name a few of the constantly occurring problems.
In the past, these problems have been studied in a number of ways,
using, for example, strain gauges, brittle coatings, photoelasticity,
and profilometers, as well as clinical and mathematical modeling.
Because of their inherent limitations, these conventional techniques
did not always provide all the information necessary for develop-
ment of meaningful relationships between the cause and the effect.
However, recent advances in the field of laser technology have
permitted development of new, laser -based methods. Of the laser -
based methods, hologram interferometry seems to be most popular
because it allows quantitative, noninvasive, in vivo studies of interest
in the field of biomedicine.
Hologram interferometry is particularly suitable for applications
in biomedicine because it provides rapid, full field -of -view results in
three -dimensional space. Also, the accuracy and precision achiev-
able with this method are not obtainable with any other methods
known today. The modern hologram interferometry method allows
measurement of displacements to within 0.001 µm and strains to
within 0.2 µm/ m.1
Out of the variety of existing holographic procedures, the most
suitable for biomedical applications is the double- exposure method.
In this method, two consecutive positions of an object are recorded in
the same recording medium, with the object being displaced and/ or
deformed between the two exposures. Upon reconstruction of the
hologram, two three -dimensional images of the object are formed.
Since both images appear in coherent (laser) light and exist in
approximately the same location in space, they interfere with each
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Fig. 1. Schematic representation of the pulsed laser system for in vivo
hologram interferometry.
other and produce fringes overlaying the reconstructed image. All
information about the object's motion and /or deformation can be
determined from this fringe pattern.
Double- exposure holograms can be recorded with continuous -
wave (cw) lasers or with pulsed lasers. Although cw holographic
systems can be used to record images of resonating objects, they are
usually limited, in biomedical applications, to in vitro (static) load-
ings. On the other hand, pulsed laser holographic systems can be
used for biomedical studies in vivo. This paper presents the pulsed
laser double- exposure method of hologram interferometry.
2. PULSED LASER DOUBLE -EXPOSURE HOLOGRAM
INTERFEROMETRY
The pulsed laser system for recording and reconstruction of double -
exposure holograms is shown in Fig. 1. In this setup, the highly
coherent and monochromatic light from a pulsed laser is divided
into two parts by means of a beam splitter. One of these parts, going
directly through the beam splitter, is directed by a mirror and
expanded by a lens to illuminate a subject (or scene) to be recorded.
This part of the laser output is known as the object beam. The other
part of the laser beam, that is, the one reflected from the beam
splitter, is expanded and steered toward a high resolution photo-
graphic plate without any interference with the "object." This beam
provides a reference beam against which the light modulated by the
object is "compared" when they are combined at the photographic
plate. The superposition of the object and reference beams results in
an interference pattern that is recorded by the high resolution
recording medium.
The exposed high resolution recording medium, upon photo -
grahic processing, becomes a hologram. The hologram can be used
to reconstruct a three -dimensional image of the original object.
During this process, the hologram is, most conveniently, illuminated
with the original reference beam. The image produced during recon-
struction of a hologram is seen covered with a fringe pattern that
uniquely relates to motions and /or deformations that the object
might have experienced during recording of the hologram. Some of
the procedures for quantitative interpretation of holograms are out-
lined in Sec. 3.
3. QUANTITATIVE INTERPRETATION OF
HOLOGRAMS
In biomedical applications of hologram interferometry, it is often
desired to investigate objects for which the entire surface has moved
and/ or deformed. In such applications, it is not possible to determine
true fringe orders, and, therefore, conventional procedures of holo-
gram interpretation do not apply because these procedures are based
Fig. 2. Illumination and observation geometry in hologram inter -
ferometry. x, y, z: coordinates of the rectangular coordinate system; R1:
position vector specifying location of the point source of illumination in
relation to the coordinate system; R2: position vector specifying location
of an observation point; Rp: position vector defining location of a point on
the object; K,: direction of illumination; K2: direction of observation.
on identification of the zero -order fringe. As a result of this,
mathematical procedures for interpretation of fringe patterns where
the zero -order fringe is present are simpler than those where the
zero -order fringe is not identifiable. This latter case, however, is what
usually takes place during biomedical applications of hologram
interferometry.
A method for determination of displacements from holograms is
presented in Sec. 3.1; Sec. 3.2 deals with determination of strains and
rotations, while determination of and compensation for rigid -body
motions are discussed in Sec. 3.3.
3.1. Determination of displacements
To obtain quantitative results from fringe patterns produced during
reconstruction of holograms, parameters characterizing recording
and reconstruction geometry must be determined. This geometry is
specified by identifying a point source from which the object is
illuminated, point(s) of interest on the object, and direction(s) of
observation along which the reconstructed image is viewed (Fig. 2).
Very commonly, these parameters are determined by making only
one observation of the holographically reconstructed image, assum-
ing that the motion of the object was in the plane normal to the
direction of observation. This approach might generally work in
laboratory with inanimate objects where the experimenter can care-
fully control test conditions. However, even in this in vitro case, the
resulting accuracy of the measurements obtained from one observa-
tion only is questionable due to errors in determination of various
experimental parameters. Also, attempts to measure uniplanar
motions from holograms and then to use these motions to determine
three -dimensional characteristics of biomedical systems are falla-
cious because of nonlinear responses of "tissues" to forces acting
upon them.2 On the other hand, use of multiple observations of
holographically reconstructed images (Fig. 3) leads to accurate and
precise determination of object motions.3
In biomedical applications, one is interested in measuring
motions, changes under load, growth patterns, etc., which are all
three -dimensional in nature. As such, parameters quantifying them
can best be described as vectors. Since vectors are completely defined
by specifying their three components, then, working with holog-
raphy, one is usually dealing with three unknowns. These unknowns
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Fig. 3. Multiple observations of a single image during reconstruction of a
hologram. K.1: direction of illumination; K2: direction(s) of observation;
n: fringe orders characterizing appearance of fringe patterns.
are the three components of the vector defining the quantity of
interest. Using vector calculus, governing equations of hologram
interferometry can be written in such a way that one equation will
relate one component of the unknown vector to parameters charac-
terizing fringe patterns as determined from one direction of observa-
tion.3 Thus, ideally, three equations, that is, one for each of the three
observations, should be sufficient to quantitatively interpret holo-
grams. In principle the procedure works. However, in practice the
results are often subjected to large uncertainties because of experi-
mental errors in the determination of parameters used in the
computations.3
To overcome the above difficulty, a method of interpretation of
holograms based on multiple observations was developed, resulting
in an overdetermined system of equations, that is, a system having
more equations than the number of unknowns. It was also shown
that as the number of observations increases so does the accuracy of
the corresponding results.
In the method of multiple observations of a hologram, the scalar
product of the object's vectorial displacement L with the sensitivity
vector K is related to the fringe order n by the equation
KL = 2mt = Ho + 11 , (1)
where H is the fringe -locus function, constant values of which define
fringe loci on the surface of the object, while f10 is a constant to be
determined from the observed fringe patterns.3 The sensitivity vector
K, appearing in Eq. (1), is defined as a difference between the
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observation vector K2 and the illumination vector K1 (Fig. 3); that is,
K = K2 -KI . (2)
In this way, for each observation of the image reconstructed from the
hologram, one equation of the type of Eq. (1) can be written relating
the observation -illumination geometry and the fringe orders to the
unknown displacement vector. Generally, four observations are
required in order to determine the vectorial motion of the object and
the constant flu. However, it is common in holographic analysis to
use more than four observations in order to reduce experimental
errors. In cases such as this, one solves for the four parameters that
yield the least square error, in an attempt to satisfy the over -
determined set of equations that is generated from the excess data.
Using the method of multiple observations, the image recon-
structed from the hologram can be observed as shown in Fig. 3. If the
first observation is made along the direction defined by the vector K2,
then an equation relating the arbitrary constant tlo to the scalar
product of the unknown object displacement L with the sensitivity
vector K', corresponding to this first observation, is
K'L = fl' = Ho , (3)
where, according to Eq. (2),
K' = Kz - K, . (4)
Next, the view is changed from observation along the Kz direction to
that along the KZ direction. During this change, while continuously
observing the object, the number of fringes that pass across the point
of interest on the object is determined. In this way, the observed
fringe order, more commonly known as the fringe shift n' '2 is
determined. This observed fringe order relates to the change Z1,1112 in
the fringe -locus function; that is,
,2 = 271-n1 ,2
thus giving
K2 L = S22 = no + Ant ,2
(5)
(6)
Following the same procedure, the observed fringe orders n'm for
other changes in observation from KZ to the Km direction can be
made, and relationships equivalent to Eqs. (4), (5), and (6) can be
written as
Km = KZ - K1 ,
Otl',m=27rn' m,
and
(7)
(8)
Km L = Hm = f2 + OSZ' ' m , (9)
respectively, where m = I, 2, ... , r, with r being the total number of
observations. It should be noted that for m = 1 Eq. (7) is equal to Eq.
(4), Eq. (8) gives Oíl' ' = 0, and, finally, Eq. (9) yields Eq. (3). In this
approach, however, r has to be equal to or be greater than four (i.e.,
r >4) because in addition to the three unknown components of the
displacement vector L the unknown constant flo must also be
determined.
Equation (9) can be rearranged, separating terms involving the
unknown parameters from those composed of the known variables,
to obtain
KmL - f2o = O12'4m , m = 1, 2, ... ,r . (10)
Since L and Ho are common to all r equations, the set of r equations,
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given by Eq. (10), can be combined into a single matrix equation:
[K' -1] (Flo)
=
On , (11)
where [K , -1] is a rectangular r X4 matrix, ( ) is a column 4 X 1
0
matrix, and on is a column r X 1 matrix. Defining the [K , -1 ] matrix
of sensitivity vectors as G, that is,
[K, -1] =G,
Eq. (11) can be written as
(12)
(13)
Finally, Eq. (13) can be solved to obtain the displacement vector L
and the constant no; i.e.,
Ho) = [GTG]-1 (GT on) ,
where K2 indicates a 3 X3 antisymmetric matrix of the unit observa-
tion vector K2, I is a 3 X3 identity matrix, and ® denotes a matric
product of K2 with itself. The operation K2 ® K2 yields a matrix
whose elements are all nine possible products of the three compo-
nents of K2.
What is of interest in Eq. (15) is the matrix f , which can be
decomposed into a matrix of strains and shears, e, and a matrix of
rotations, B. In order to solve Eq. (15) for the transformation matrix
f , multiple observations of the holographically produced image
must be made. For each observation the sensitivity vector K and the
fringe vector Kf must be determined that best fit the data from the
entire region examined. Also, multiple views are used to obtain the
displacement L at a point of interest on the object (see Sec. 3.1). For
each view, the matrix g is computed and multiplied by L to obtain
perspective correction io Kf. From multiple views, a set of equations
of the type of Eq. (15), with the matrix f common to all, is generated
and solved to obtain
(14) f = [KT K)-1 [KT KO
,
where f10 is equivalent to the fringe order that would have been
assigned to the fringe passing the point of interest on the object, while
observing it along the direction K2, had the zero -order fringe been
identifiable.
However, in in vivo biomedical applications of hologram inter -
ferometry, the displacements obtained from Eq. (14) may contain
rather complex information relating to desired object motions
superposed onto undesired motions such as those due to rigid -body
motions. To assure that the measured motions are correct, additional
computations determining magnitudes and directions of the
unwanted motions must be performed, as discussed in Sec. 3.3.
3.2. Determination of strains and rotations
Currently, there are a number of methods for strain measurement
from holograms, including the optoelectronic fringe interpretation
method,'4 the fringe localization method,5 and the fringe vector
method.3.67 For the results presented in this paper, the fringe vector
method was found to be most applicable.
The fringe vector method recognizes that any combination of
homogeneous strain, shear, and rotation of an object yields fringes
on its surface that can be described by a single vector. If an object
undergoes a homogeneous deformation and /or rotation while
recording a hologram, then, during the reconstruction, the object
will be seen covered by a pattern of fringes that would appear to be
generated along the lines of intersection of the object's surface with a
set of parallel, equally spaced planes called fringe -locus planes. The
fringe locus planes are uniquely defined by the fringe vector whose
magnitude is inversely proportional to the spacing between these
planes and whose direction is normal to them. As such, the fringe
vector Kf can be expressed in terms of the matrix f of strains, shears,
and rotations of the object and the first -order variations of the
sensitivity vector described by the matrix g as follows:
Kf = Kf + Lg , (15)
where g is given by
k k
= PIRoP2-Ri (16)
In Eq. (16), Ri and Ro are radii of curvature of illumination and
observation perspectives, respectively, while PI and P2 represent
corresponding projection matrices.3
The projection matrices used in Eq. (16) are based on the direc-
tions of illumination and observation, respectively. For example, the
projection matrix P2 relates to K2 as follows:
P = -K2 K2 = I - K2 ® K2 (17)
(18)
where Kfc = Kf - Lg is the matrix formed by the fringe vectors
corrected for perspective. Decomposition of the matrix f , computed
from Eq. (18), into the symmetric part e and the antisymmetric part
B, that is,
e = 1 [f + fT] , 0 = 1 [f - fT] ,2 ~ 2 ~ (19)
gives strains and shears, and rotations, respectively.
When the object deformations are not homogeneous over the
entire body under study, they may, nonetheless, be approximately so
over small regions of its surface, and projection matrices are very
helpful in formulating the solution to this problem. It can be shown
that, in this case, the surface strain -rotation matrix Is is
fs = fPn , (20)
where Po is the projection matrix defined as Pn = I -ñ ® $, with ñ
being surface normal. It should be noted that the derivatives of the
observed displacement are not generally equal to surface strains and
rotations of an object. They become approximately equal to the
extent that the viewing direction can be made parallel to the surface
normal.8 This condition is impossible to achieve on any surface that
exhibits three -dimensional contours, and it is difficult to achieve
even on a flat surface because of the spherical perspective of most
viewing systems. However, the derivatives of observed displacement
from two or more viewing directions can be used to extract surface
strains and rotations.
3.3. Determination of rigid -body motions
Although in in vivo biomedical applications of hologram inter -
ferometry pulsed lasers are used, they do not preclude formation of
fringes due to rigid -body motions. It is not the exposure time (dura-
tion of a pulse), which is usually 15 to 20 ns, but the time interval
between the exposures, normally four or more orders of magnitude
longer, that plays an important role in the recording of an in vivo
hologram. Although subjects used in biomedical studies are usually
restricted in specially designed holders, they cannot remain abso-
lutely still even for a fraction of a second, when one is concerned with
the "stillness" defined in terms of a wavelength of laser light. There-
fore, rigid -body motions will take place naturally. These motions
add directly to the motions one wishes to study. Hence, not account-
ing for these unwanted motions may lead to erroneous results.
To account for the unwanted motions, parameters defining fringe
patterns in areas not affected by the applied forces must be investi-
gated (Fig. 4). As a result of analysis of these data, vectors defining all
six degrees of freedom, that is, three components of the rigid -body
translation vector and three components of the rigid -body rotation
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Fig. 4. Determination of rigid -body motions for a complex object. x, y, z:
coordinates of a rectangular coordinate system; R1, R2, R3, and Rp:
position vectors specifying locations of points of interest on the object.
vector, are determined. These components, together with the vectors
defining total motions of the subject, are used to compute relative
motions due to the applied force system only, yielding desired force -
displacement relationships,9 as follows.
The displacement L, computed from Eq. (14), represents total
motion of the object under investigation. This total motion results
from superposition of object motions induced by the applied exter-
nal force (e.g., tooth motion due to orthodontic forces) and the
natural motions (e.g., gross head motion). Therefore, in order to
develop meaningful relationships between the applied force system
and the resulting biomedical remodeling, the magnitudes and direc-
tions of the rigid -body motions must be known. This can be achieved
by resolving the motion Li at any point i on the object into the
corresponding bulk body translation Lo and rotation 8; that is,
Li = L° +RiXO , i = 1,2, ... ,q . (21)
In Eq. (21), q denotes the total number of object points considered in
calculations, while Ri is the position vector from the origin of an
arbitrarily chosen coordinate system to the ith point on the object
and is defined as
Ri = xij + yij + zik , i = 1, 2,... , q , (22)
with xi, yi, and zi being components of Ri in directions of the unit
vectors i, j, and k of the rectangular coordinate system, respectively.
The set of q equations given by Eq. (21) can be written in a matrix
form as
(Li) = [ I Ri] ( Bo) i = 1, 2, ... , q (23)
and solved9 to obtain
(le) = aIROT [ I 1 2 0 1-1 [ I ROT Li
,i = 1,2,...,q
(24)
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where I is the 3 X3 identity matrix, while Ri is the 3 X3 antisym-
metric matrix corresponding to the position vector Ri defined in
Eq. (22).
Using Eq. (24) and considering three or more points on the object,
the 6 X 1 matrix (Bo) can be determined from holograms. If it is also
possible to determine total translation Lp and total rotation Bp at a
point P on the studied object (see Fig. 4), using, for example, proce-
dures developed in Refs. 6 and 10, then motions Lprei and Bprei at this
point, relative to the rest of the object, can be determined." In order
to do so, first, the rigid -body translation Lprig at the point P on the
object must be determined using an equivalent of Eq. (23), that is,
L. = [DV ( 8°) , (25)
where Lo and O have values determined from Eq. (24) and Rp is a
3 X 3 antisymmetric matrix defining the position vector Rp. Then,
L must be subtracted from L to obtain Lpre,:
ng
LPrel -L - LPrig (26)
Noting that the rigid -body rotations are independent of the position,
0[computed from Eq. (24)] is subtracted directly from total rotation
op to obtain
0" rel - °Y - 8 . (27)
Equations (26) and (27) allow determination of translations and
rotations at any point on the object relative to the rest of the body.
4. EXPERIMENTAL PROCEDURE
Typically, a tissue acted upon by a force displaces continuously over
a certain period of time. Eventually, the tissue reaches a new equilib-
rium when all external forces are balanced by all internal forces. For
practical reasons it is not necessary to record holograms monitoring
the tissue over the entire period during which changes take place
because a great many holograms would have to be recorded. There-
fore, in biomedical applications of hologram interferometry, to
reduce the number of holograms that have to be recorded and
analyzed, exposures are made at predetermined times (Fig. 5). Then,
the results obtained from the corresponding sequence of double -
exposure holograms are used to reconstruct the total "monotonic"
change experienced by the tissue.
For example, if a hypothetical time -displacement curve for a
given point on a tissue were like that shown in Fig. 5, one might
choose to record holograms at times of 0 s (i.e., at the instant of
application of force), 15 s (as measured from the instant of applica-
tion of force), 30 s, 45 s, etc., or at some other instants in time
covering the entire time period of interest in a given study. Then,
knowing the time between the exposures of double- exposure pulsed
holograms and the corresponding changes in displacement vectors,
instantaneous velocities at the given point can be computed (Fig. 6).
In this way, velocity versus time curves, defining temporal character-
istics of tissue, can be obtained. Finally, integrating areas under the
velocity versus time curves, position (displacement, or motion) at the
given point on the tissue can be determined. The resulting vectors
give temporal characteristics of shape, size, or other dimensional
changes that are all determined in three -dimensional space.
5. COMPUTER -AIDED INTERPRETATION OF
HOLOGRAMS
In biomedical applications of hologram interferometry, coordinates
of points of interest are known from recording/ reconstruction
geometry. To use these coordinates effectively in quantitative inter-
pretation of holograms, the points of interest within the studied scene
must be "recognized" and identified during the reconstruction of
holograms. This process can be performed manually or automati-
cally. In the case in which image analysis is done manually, process-
ing is limited to only a few points because of tediousness of the
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Fig. 5. Displacement versus time curve and exposure sequence during
studies of viscoelastic behavior of tissues. At: time interval between the
exposures of the double- exposure hologram; OLj: displacement measured
from the jth double- exposure hologram.
dL=LZ- L,
dt = t,- t,
dL
VELOCITY vs. TIME
fvdt=x
POSITION vs. TIME
Fig. 6. Flowchart representing steps used in determination of position
versus time from results obtained during reconstruction of double -
exposure holograms recorded with a pulsed laser.
analysis. On the other hand, recent developments in the field of
electronic image analysis and processing have permitted develop-
ment of automated systems for interpretation of holograms.
One of such systems, involving scanning of images reconstructed
from holograms with a computer compatible video digitizer, is
shown in Fig. 7. The digitizer, in addition to converting the scene
being observed into a composite video signal that is viewed on a
monitor, produces a digital signal that is transmitted directly to a
computer. The computer, in turn, rapidly reads the electronic signal
corresponding to the video image being digitized. It processes the
digitized data, producing plots of intensity distribution within the
image plane. Data characterizing these intensity distributions,
together with other pertinent parameters, are used in quantitative
interpretation of holographic images. These results can be obtained
for any point within the reconstructed image by simply instructing
the computer to perform calculations for a point, or a number of
points, at specified coordinates.
A system such as that shown in Fig. 7 provides unique capability
for quantitative interpretation of holograms in biomedical applica-
IMAGE
OF THE
OBJECT
TV MONITOR
SIGNAL
ANALYZER
DATA
STORAGE
COMPUTER
INTERACTIVE
GRAPHIC
TERMINAL
Fig. 7. Automated system for interpretation of holographic images.
tions. It leads to development of a fully automated system for com-
plete analysis of displacements and deformations at any point on the
surface of the studied objects.
6. REPRESENTATIVE APPLICATIONS
To demonstrate the usefulness of double- exposure hologram inter -
ferometry, representative applications from the field of dentistry, or
more specifically, orthodontics, will be described. The cases used
deal with determination of three -dimensional tooth motions and
with measurement of displacements of skull bones.
Accurate measurement of tooth motion is a significant factor in
evaluation of bone loss in periodontal disease, the tooth response to
traumatic occlusion, and tooth response to orthodontic and pros-
thetic appliances. The biological reaction of the periodontal ligament
is determined by stress -strain distributions produced from natural
and artificial forces applied at a crown of the tooth. Since tooth
response to applied forces takes place in three -dimensional space, it
is natural to use methods of pulsed hologram interferometry while
studying its motions.12-14
Typical images obtained during reconstruction of double -
exposure holograms are shown in Figs. 8 and 9. The fringe patterns
are unique for the given object and applied force system. Interpreta-
tion of the observed fringe patterns yields, therefore, unique results
corresponding to the given experimental situation.
For example, Fig. 10 shows typical results obtained during
studies of motions of teeth, which were loaded with forces in the
lingual -labial direction normal to the long axis.14 In this study, 300
gram force was applied to the maxillary central incisor. Following
application of the force, a sequence of double- exposure pulsed holo-
grams was recorded. Analysis of these holograms resulted in linear
and angular velocities. Using the experimentally determined velocity
curves, total translations and total rotations were computed and are
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Fig. 8. Image reconstructed from a double- exposure hologram of a
model of human teeth. The fringe pattern corresponds to a load applied to
the maxillary central incisor.
Fig. 9. Image reconstructed from a double- exposure hologram of a
human skull. The fringe pattern corresponds to a load applied at the
maxilla.
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Fig. 10. Typical results obtained during holographic studies of human
tooth motions. (a) Translation versus time curves; (b) rotation versus time
curves.
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Fig. 11. Typical results obtained during holographic studies of human skull bone motions due to forces applied at the maxilla. (a) Displacementversus
force curves for a point located on the maxilla; (b) displacement versus force curves for a point located on the zygoma.
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shown in Figs. 10(a) and 10(b), respectively.
Figure 10(a) shows that the translations at the end of 45 s after the
instant of tooth loading varied from 61 ,um to 80 µm in the lingual -
labial direction, depending on the subject's root length (the root
lengths, as determined radiographically using lateral head films and
occlusal films, were 14.5 mm, 11.3 mm, and 15.7 mm, for subjects
No. 1, 2, and 3, respectively) -the shorter the root, the greater the
translation. Examination of Fig. 10(a) reveals that the teeth were
moving at a velocity decreasing nonlinearly with time, and at the time
of the last exposure, at 45 s, they still continued to displace. This
means that the teeth had not yet reached the state of static equilib-
rium. Small displacements in the mesial- distal direction, as shown in
Fig. 10(a), suggest good alignment of the force in the direction
normal to the x -y plane. The displacements along the y -axis, ranging
from 10 µm to 17 µm, were associated with the rotations of the
corresponding teeth [Fig. 10(b)]. These rotations were also inversely
proportional to the length of the root of the tooth and were primarily
in the counterclockwise direction with respect to the x -axis. The
rotations with respect to the y- and z -axes were small.
In another representative application, motions of skull bones
were studied while the skull was loaded at the maxilla. The resulting
fringe patterns, Fig. 9, were analyzed using procedures accounting
for rigid -body motions, to obtain results shown in Fig. 11.
Displacements of points on the maxilla and on the zygoma are
shown in Figs. 11(a) and I1(b), respectively. These results clearly
show that for the same load, applied at the maxilla, different points
on the skull respond in different manners, depending on their loca-
tion on the object. However, regardless of the location of the investi-
gated point, the relationships between the force and the resulting
displacements were always nonlinear.
Of particular interest in studies of skulls is the effect of sutural
expansions on the motion of bones. Methods of hologram inter -
ferometry are particularly useful in these studies because they allow
observation of the response of the entire skull to a given load. More
specifically, use of pulsed laser methods allows studies of viscoelastic
effects that tissues have on force -displacement relationships of
bones.
7. CONCLUSIONS
The methods of pulsed double- exposure hologram interferometry
presented in this paper allow accurate, noninvasive quantification of
motions of bones and tissues in three -dimensional space. Procedures
that allow mathematical interpretation of the fringe patterns observed
during reconstruction of holograms are complex, but solvable with
the aid of digital computers. The results obtained yield information
on objects' translations, rotations, and deformations. In the analysis
of holograms, the necessary data can be obtained directly from the
reconstructed images using automated video -digitizer systems. Use
of the automated system for interpretation of holograms allows more
detailed analysis of images than is possible with methods relying on
manual acquisition of data.
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